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Abstract

In this paper, we describe a dual-reciprocity boundary element method for the solution of a one-
dimensional transient heat equation with a source term. A brief introduction of the development
of the boundary element method and DRBEM is given. Discretization of heat equation using
BEM and the solution of boundary integral equation is discussed. Due to the presence of the
source term, the BEM fails, thus we use the DRBEM which is employed in the non-
homogeneous equation. In DRBEM, all the source terms and time-dependent terms are converted
into boundary integrals and hence the computational domain of the problem reduces to one.
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Introduction

There are numerous scientific,engineering and technological processes that can be
mathematically modeled by transient diffusion equations such as smelting of metal,sintering of
ceramics, and joining (welding) of polymers by microwave radiation, spontaneous ignition of
reactive solid, heat transfer in nuclear reactor components, mass transport in ground water, e.tc.
The study of these diffusion problems is thus of fundamental importance. In the past years, the
Boundary Element Method (BEM) has become increasingly attractive to scientists and engineers
as an alternative numerical method to themore established ones such as the Finite Difference
(FDM) and Finite Element (FEM) Methods, for solving diffusion problems. In many aspects,the
BEM proves advantageous over the FDM and FEM.Its major advantageous and attractive
characteristic is its ability in reducingthe dimension of the problem by one.In other words, it
provides a complete solution to the problem with the effort of solving an integral equation on the
boundary of the computational domain only in obtaining a boundary-only integral equation, the
BEM makes use of the fundamental solution (Green's function) of the partial differential
equation (PDE), and the reciprocity theorem is then applied, in a discretized form, to a certain
number of nodal points on the boundary.(e.g., by using a collocation technique), resulting in
algebraic equations.Once all the unknowns on the boundary are found, the solution at any
interior point can be easily obtained with high accuracy using only the computed boundary
values. Generally, the treatment of transient diffusion problems with the BEM can be categorized
into two main approaches. The first one solves the problem directly in the time domain. The
second one solves the problem in a transformed domain. The Boundary Element Method, is now
a well-established numerical technique for solving boundary-value problems that involve linear
as well as certain types of non-linear partial differential equations .The basic idea of the
technique is to find an integral equation equivalent to the original PDE, and then solve this
integral equation using a discretization procedure as with any other numerical approach. For
certain types of linear and homogeneous PDEs, only a boundary discretization is necessary; this
reduction in the dimensionality of the problem permits accurate solutions to be obtained very
efficiently, and is the main attraction of the BEM approach. However, for an inhomogeneous
PDE, the integral equation involves a domain integral, and the reduction in dimensionality is
apparently lost. Heat transfer is a discipline of thermal engineering that concerns the generation,
use, conversion and thermal exchange of thermal of thermal energy and heat between physical
systems. Heat transfer in solids, with the changes of temperature in time on physical boundaries
of analyzed objects, occur in many engineering mechanisms (engines, compressors), heating and
cooling system and hydraulic networks(Zhang et al. ,2009; LU and Viljanen, 2006).The analysis
of basic mechanism of heat transfer in solids, that is heat conduction problem, is significant for
process of designing and optimization of mechanical systems and devices. Accordingly, the heat
conduction equations with conditions of variable temperature or heat flux on the boundaries
become an important instrument for mathematical description of many engineering, geothermal
and biological problems. As a result, there is a need to develop effective computational methods
and the tools for solving heat conduction problem(Mansur et al.,2009; Yang Gao, 2010).
Physical problems involving the heat exchange between the ends of a conductor and the
surrounding environment can be formulated as a set of partial differential equations representing
the heat equation and boundary conditions relating the heat fluxes at the ends of the conductor to
the difference between the temperature at the ends of the rod and that of the surrounding fluid
through a function f.Heat transfer is mainly concerned with temperature and the flow of heat.
Temperature represents the amount of thermal energy available, whereas heat flow represents the
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movement of thermal energy from one region to another. On a microscopic scale, thermal energy
is related to the kinetic energy of molecules. The greater a material’s temperature, the greater the
thermal agitation of the constituent molecules. Several material properties serve to modulate the
heat transferred between two regions at differing temperatures. Examples include thermal
conductivities, specific heats, material densities, fluid viscosities, fluid velocities and more. Heat
transfer takes place by three fundamental modes namely conduction, convection and radiation.
Conduction is heat transfer from one part to another of the same substance or from one substance
to another sharing a physical contact without displacement of molecules forming the substance.
Heat conduction is accomplished by two main mechanisms namelyby molecular interaction and
drift of free electrons. According to Pitts and Sissom (2004), a temperature gradient within a
homogeneous substance results in an energy transfer rate within the medium. This can be
determined using the Fourier’s law of heat conduction as;

= Skd=m o o SR . .......... ..o (1)

where g is the rate of heat transfer andg—rTlis the temperature gradient.

Convection is the mode of heat transfer which occurs due to movement of fluid particles
undergoing density change associated with temperature differential in the fluid. The flow of fluid
may be by external process or sometimes (in gravitational fields) by buoyancy forces caused
when thermal energy expands the fluid, thus influencing its own transfer.The latter processis
often called natural convection.All convective processes also moveheat partly by diffusion,as
well.Another form of convection is forced convection.In this case, the fluid is forced to flow by
use of a pump, fan or mechanical means.When a solid is exposed to a moving fluid having a
temperature different from that of the solid, energy is carried from or to the solid body by the
fluid and obeying the Newton’s law of cooling, defined by
q=hA(T, —T,) ... El.2)
where T is the surface temperature T is the free stream temperature h is the constant  of
proportionality and A is the area. Radiation mode of heat transfer is due to electromagnetic wave
propagation. Experimental evidence indicates that radiant heat transfer is proportional to the
fourth power of the absolute temperature of the body according to the fundamental Stefan-
Boltzmann law
q = eAT* ... - : .(1.3)

where € is the proportlonallty constant Generally temperature at any p0|nt in a solid is
completely defined by its numerical value because it is a scalar quantity whereas heat flow is a
vector quantity defined by its value and direction. Anon-uniformtemperature distribution within
a solid body shows the presence of heat flow in the solid which is always in the direction of
decreasing temperature. Heat —flux vector q(7,t)denotes heat flow at a spatial position rin a
solid body at any instant t. The magnitude of the heatflux vector is equal to the quantity of heat
crossing a unit area, normal to the direction of heat flow at the position under consideration per
unit time. The basic law which gives the relationship between the heat flow and the temperature
gradient for a stationary homogeneous isotropicsolid is given in the form,

q(#,t) = —kT (#,¢t) ... . (1.4)
wherek is called the thermal conduct|V|ty |t|s ascalar quantlty Whose value depend on the
property of the media. Based on the hypothesis that heat crosses from the inside to the outside of
the isothermal surface, the unit direction vectors$is referred to as outward- drawn normal to the
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isothermal surface. Denotingdifferentiation along the$ direction by%, the derivative of

temperature in thesdirectionis ‘;—:, which representsthe maximum rate of decrease of

temperature. Since, g—Zand VT areof equalmagnitudesbut point in opposite directions, the

magnitude of the heat-flux vector is given by;

oT

1= =k (L)

Transient Conduction

Transient conduction occurs when there is a change in temperature at the boundaries of an object
or may occur with temperature changes inside an object as a result of a new source or sink of
heat causes the changes in temperatures. When equilibrium is reached, the heat flow into the
system will equal the heat flow out of the system and temperatures at each point inside the
system no longer vary. It is at this point that transient conduction ends and steady-state
conduction may continue to occur if there is a continual flow of heat. If there are changes in
external temperatures or the internal heat generation changes are too rapid for equilibrium of
temperature in space to take place, then the system never reaches a state of unchanging
temperature distribution in time, and the system remains in a transient state.

Differential equation of heat conduction

Temperature distribution is determined from the solution of the differentiation equation of heat
conduction. The differential equation of heat conduction for a stationary, homogeneous, isotropic
solid with heat generation within the region is derived below. A heat source with a negative sign
denotes the heat sink. Consider a small control volume v.

Rate of energy storage in v equals rate of heat entering v through its boundary surfaces plusrate
of heat generated in v. Rate of energy storage in the volume v is given by

J, pcy aT(r 9 dv y: - : B . . ..(1.6)

Heat enterlng v through a small area dA on the boundary surface is - q(r t) 3,
wheresis the outward-drawn normal unit direction vector and g the heat-flux vector at dA.
Rate of heat entering the volume v through its bounding surfaces is

—f §-sdA= —f vido. .. ... 0. % S N
A v

where divergence theorem is used to convert the surface integral to volume integral.
Heat generation in the volumev is

v
Considering the energy-balance equation and usingequations (1.6), (1.7) and (1.8)we obtain
or(@,o) . ., ,
j pCp 5% + V@) — g t) e dv =0 e eee s e e e (1.9)
14
When v is chosen so small as to eliminate the integral we obtain
6p T = Ve [RYTF, 0] + G ettt e (110)
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This is the differential equation of heat conduction for a stationary, homogeneous isotropic solid
with heat generation within the solid.

Boundary condition

Boundary Value Problem (BVP) is a differential equation together with a set of additional
restraints called the boundary conditions. A solution to a boundary value problem is a solution to
the differential equation which also satisfies the boundary condition. Boundary value problems
arise in several branches of physics as any physical problem. Problems involving the wave
equation such as the determination of normal nodes are often stated as boundary value problems.
A large class of important boundary value problems is Sturm-Liouville problems. The analysis of
these problems involves the Eigen functions of a differential operator.

To be useful in application, a boundary value problem should be well posed; this means that
given the input to the problem, there exists a unique solution which depends continuously on the
input. Among the earliest boundary value problem to be studied is the Dirichlet problem of
finding harmonic functions (solutions of Laplace equation); the solution was given by the
Dirichlet’s principle. The differential equation of heat conduction will have numerous solutions
unless a set of boundary condition and an initial condition (for the time-dependent problem) are
presented. However, the boundary condition that prescribes the conditions at the boundary
surfaces of the region may be linear or nonlinear. Considering the linear boundary condition, we
narrow into three groups, namely;

Boundary condition of the first kind

In this boundary condition temperature is prescribed along the boundary surface and for the
general case it is a functional of both position and time i.e. T = (7, t)

If the temperature at the boundary vanishes we have T = 0 on the boundary surfaces. This
special case is called the homogeneous boundary condition of the first kind.

Boundary condition of the second kind
This boundary condition is of the form of normal derivative of temperature prescribed at the

boundary surface and it may be function of both position and time.

T fi (2, t)on the boundary surface s;,

ani N

where, aidenotes differentiation along the outward-drawn normal at the boundary surfaces;.
n.

This boundary condition is equivalent to that of prescribing the magnitude of the heat flux along
the boundary surface, since the left hand side becomes the magnitude of heat flux at the surface
when multiplied by thermal conductivity on both sides. If the normal derivative of temperature at

the boundary surface vanishes, we have, S—T: Oon the surface s;. This special case is called
n.

homogenous boundary condition of the second kind. An insulated boundary condition satisfies
this condition.
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Boundary condition of the third kind
A linear combination of the temperature and its normal derivative is prescribed at the boundary
surface. For a boundary surface that fits the coordinate surface of an orthogonal coordinate

system is given as k S—TTL + hT = f(#,t)on the boundary surface.

A special case where kZ—; + hT = 0 is called the homogeneous boundary condition of the third
kind.

Results
One of the most valuable techniques is the divergence theorem which transforms a volume into
a surface integral.

ff (v-/f)dv=f O PPN ¢< X 1)

whereAis a vector isiiis the unit outward normal of s and dv stands for volume integral.

Another useful formula is the Stokes Theorem presented by George Gabriel Stokes (1819-1903),
which transforms a surface integral into a contour integral.

f (Vx 4) - fids = i - ds mp i, ... W WL (B

S

Where s is an open, two sided curved surface, c is the closed contour bonding s.
The most important work related to the boundary integral equation for solving potential problem
came from George Green whose presented an identity;
If A= ¢Vy, where ¢ and y are arbitrary scalar fields, defined in an enclosed region V.

VA= PV F VD - VD s et eve e e eee e e ..(3.2)

A-n=¢pVp-Ai=¢.. g .(3.3)
This equation (3.2) and (3.3) When substltuted |nt0 the d|vergence theorem results in Green’s
first identity:

ﬂ [pV2Y + Vip - Vopldv = ﬂ ¢g—f... ... .. PR

v S
When, A = ¥V¢ and we substitute into the divergence theorem, we obtain:

ﬂ [YV2 + Vo - Vipldv = jjl[)—ds e e e e (3.5)

Subtractlng equation (3.4) from (3. 5) results the corollary of divergence theorem known as
Green’s second identity or Green’s theorem:

ﬂj[wzw —PVigldv = ﬂ [¢g—f— Z—f] S oos e e (3.6)

v S
The mathematical background of BEM is represented by the divergence theorem and Green’s
theorem. Also the definition of the Kronecker symbol, the Heaviside function, the Dirac
distribution, and the erf and erfc functions are introduced.
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The Kronecker delta symbolis given by

_ 1 ifi=j
8i,j _{ O B G (3.7)
The Heaviside function is given by
(1 if t>0
H(t) = {0 b fD Qe (3.8).
The Dirac delta distributionfunctions are as follows:
_ (0 if x#¢
8E) =8 = ={, G o g (3.9)

The fundamental properties of the Dirac delta distribution

, a6
5(x) = H'(x), fQ FO)8(x, E)dE = f(x), fg F@) 57 (0O = ~f (),

The erf and erfc functions are given by

erf(x) = exp(—o%)do, erfc(x)=1—erf(X)...ccccoevviiiiiiiiiininann.. (3.11)

2 rx
o
The complex error function erfi is given by

erfi(x) = —ierf(ix) = %f: R . ................... . B (3.12)

The Boundary Element Method (BEM)

BEM is a numerical method and hence its importance in numerical analysis community. It
attempts to use the given boundary conditions to fit boundary values into the Boundary Integral
Equation (BIE), rather than values throughout the space defined by a partial differentiation
equation. BEM is applied to problems for which Green's function can be calculated. These
usually involve fields in homogeneous media.

There are several advantages of using the BEM over the finite element (FEM) or the finite-
difference (FDM) methods. First, the BEM only requires a boundary mesh to discretize the
problem and as such, it reduces the dimensionality of the problem, it deals easily with both
infinite and semi-infinite domains, etc., it is very flexible and applicable to complex geometries
without having to resort to intricate internal mesh generation of unnecessary internal information
as required by the traditional FDM or FEM. Secondly, the unknown ambient temperature,
boundary temperature and heat flux are boundary quantities to be determined and the
discretization of the boundary only is the essence of the BEM. Further, the heat flux is computed
as part of the solution and is not a post-processing numerical differentiation. However, it is
important to note that all these gains are possible only when the fundamental solution of the
governing equation is available, a fact that forms the major drawback in the use of the BEM in
general.
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Fundamental Solution
Many practical problems in engineering and science are mathematically modeled by a partial
differential equation of the form

LT(D) =0 P €Dt (3.13)

2
Where L the differential operator is% — %, T is the temperature and £ is the domain.

In a one-dimensional domain p = (x, t), and in order to determine the values of the temperature
T at every point x € Q some boundary conditions have to be imposed on the boundary of the
domain 0(.. Different boundary conditions may arise for the values of unknown function T or its
. . OT . . .
normal derlvatlvea, such as the convective boundary conditions are represented by linear

relations between the temperature and the heat flux, radiative boundary conditions which is a
nonlinear fourth order power in temperature in relation to the heat flux, others include mixed
boundary conditions, exponential decay in temperature relation to the heat flux, complex relation
between heat flux and temperature, etc. The function G (p; p’) is the fundamental solution for the

heat equation (14) if
LG (p; R') =4 (Bi B') ................................................................ (3.14)

2
whereL* = % + %the ad joint of is L,p = (x,t) is a field point, p’ = (§,7) is a source point

and ¢ is the Dirac delta distribution function defined in (3.9).

Thus, the fundamental solution of the heat conduction equation (3.14) satisfies the equation

9%G

G o _
;(x,t,5,1)+ﬁ(x,t,f,r) — O ) R SR (3.15)
If we look for a solution of equation (3.15) that depends only on the distance r = |x — ¢]| and

time period t' = |t — t|, then the following expression is obtained,

ey HED L Gee?
G(x, t;€,7) =+ \/n(t_T)exp( 4(t_r)), ........................................... (3.16)

where H is the Heaviside function given in (3.8), which is introduced to emphasize the fact that
the fundamental solution is zero when t < 7.

Boundary Integral Equation (BIE)
The governing partial differential equation (3.13) transforms into an integral equation by means
of fundamental solution and Green’s second formula given in (3.6).

115, (v - yv2gddv = [f, {p 22— ds..oooo (3.17)

For an arbitrary function ¢, the following equation holds
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Next, taking ¢ = G(p; B’) we obtain that for every p € Q.

Jo (106 (50) =6 () =6 () 11@)} a0 = L fr (o) 5755 00 -

GUDOTONYAS. e, (3.19)

If equations ( 3.18) and (3.19 ) are used then we obtain

.......................................................................................... (3.20)
Using the property (3.10) of the Dirac delta function, we obtain
7\ 0 ’ N ’
T(B) = faQ{G (E;E )%(B ) ~T(p )%(E;E )}dS,p EQ o, (3.21)

On considering x € 91, and taking the domain augumented by a small region which is centered
at the point x, by a limit process commonly used in potential theory, it can be shown that ifoQ is
smooth then, see e.g. Brebbia et al. (1984), Chen and Zhou (1992), Wrobel (2002),

2T () = foo {6 (m2) 55 (@) = T@) 5: @)} s, p € 00 % (0,1p)
................................................................................................. (3.22)

Or, combining (3.21) and (3.22), we obtain

n(x)T (E) = faQ {G (E; E’) Z—TTL (E’) —T(P) Z—TGL v E’)} dSll. & .......... BN (3.23)

Foranyp = (x,t) € Q, wheren(x) = 1if x € Qand n(x) = % if x € 02 (smooth domain).

The boundary integral equation (BIE) (3.23) can then be transformed into the form

17 (2) = [ 6 ()5 @) -1 (0) s (w2) fasi+ [ 7(2)6 (wp)as,

S1

P'=(68) €Q, o (3.24)
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Where in the one-dimensional case, S; = {0,1} x (0, tf] and S, = [0,1] x {0}.The integral over
53={0,1} x (0, tf) vanishes due to the Heaviside function in expression (3.8) and n(0) = —1 and
n(1) = 1 for the boundaries x = 0 and x = 1, respectively.

In higher dimensions, if the domain Q has corners, then the coefficient n at these corners can be
evaluated by similar process using different parts of the cylindrical surface instead of the semi-
circular surface and then n depends on the angle at the corners, see Brebbia et al. [4] .

However, since in numerical approach the boundary integral equation (3.23) is applied at a finite
number of nodes, and assuming that the boundary 9Q of the domain Q consists of several smooth
segments, these nodes can be chosen such that they are not at corner points of the domain.
Therefore we do not need to evaluate the coefficient n at the corner points.

We note that the boundary integral equation (BIE) (3.23) provides a linear relation between the
boundary values of the solution T and those of its normal derivative Z—:. Hence, givenT at each

point on part of the boundary and Z—Z on the remainder, we obtain a linear BIE, or a pair of such

equations for the complementary boundary values. By solving these equations and then
substituting their solution, together with boundary data, into equation (3.24), we obtain the
solution at any point p in the domain Q.
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